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I. INTRODUCTION
The discovery of the Higgs boson in 2013 confirmed the physical interpretation of par-
ticles as the manifestation of the excitations of quantized fields described by the Standard
Model of the fundamental interactions. Despite the successful program of the Standard
Model, the proposal depends on 19 parameters that need to agree with experiments in
order to indicate if it is really an appropriate theory. Moreover, the unification of the
fields in the Standard Model remains incomplete. The electromagnetic and weak fields are
unified in the Weinberg-Salam model [1], the strong field is apart from them (the gauge
sector of the Standard Model is SU(3)× SU(2)×U(1)), and the gravitational interaction
is conserved apart. Besides, in the Standard Model we have the problem of the mass of
the Higgs boson that diverges heading towards the Planck scale, and we do not have a sat-
isfactory response to the problem of matter-antimatter asymmetry. Neutrinos appear to
be massless particles in the Standard Model, which contradicts experiments of the nineties
that observed neutrinos oscillation.
These restricted possibilities of SM extensions motivated proposal to create effective
models which can give us hints about a more fundamental theory. In 1989, Kostelecky´
and Samuel [2] demonstrated that the spontaneous Lorentz symmetry breaking emerges in
the low-energy limit of string theory. In this case some vector and/or tensor fields acquire
non-zero vacuum expectation values, and, as a result, the Lorentz symmetry turns out to
be spontaneously broken [3].
The idea of this proposal is to investigate the presence of background fields which causes
anisotropy in space-time, since it can affect the physical properties of the particles. The
detection of fields that comes from this breaking of symmetry can be viewed through
a change in the kinetic properties of the particles, therefore, the breaking of symmetry
induces privileged directions in the space-time that can be measured experimentally, and
thus it can give us hints about a more fundamental theory behind the broken symmetry.
This proposal which at first was formulated to be a renormalizable theory as cornerstone,
it became known as Standard Model Extension (SME) [4].
Another possibility is to go beyond the SM by relaxing the renormalizability, since we
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are searching for a more fundamental theory through an effective theory, in a simplest
way, by non minimal coupling which violates power-counting renormalizability (Dm =
∂m+ ieAm+ i
g
2
ǫmnabη
nF ab), in an effective the Dirac equation. The proposal of such a non-
minimal coupling was suggested by [5] with a Lorentz-violating and CPT-odd nonminimal
coupling between fermions and the gauge field, which is carried out by a Carrol-Field-
Jackiw (CFJ) term [6]. This proposal has been investigated in several distinct scenarios
[7–11].
Connections between high-energy theories and phenomena of condensed matter proved
to be very fertile and stimulated the development of new similar mechanism in both areas.
The BCS superconductivity is one of the remarkable examples of such links. Nowadays
graphene [12, 13], which is described by a 2+1 dimensional massless Dirac equation, is an
interesting application for formulation of effective proposals of QED [14, 15]. There is a
novel class of materials known as Weyl semi-metals [16], and in these materials an effective
low-energy theory is discussed in [17] chosen to take the form of a Lorentz violating version
of QED, which generates the non minimal CPT-violating gauge coupling by the fermionic
sector. This interesting question that has been the target of research is the possibility of
perturbative generating the CFJ term has been addressed in Refs. [18], [19], [20]. Also
studies of relativistic quantum effects [21] that stem from a non-minimal coupling with
Lorentz symmetry breaking [22] has opened the possibility of investigating new implications
in quantum mechanics that this Lorentz-violating background can promote.
One of the main ideas along this line consists in a suggestion that corresponding cou-
plings in a purely gauge (or matter) sector could emerge as a consequence of couplings
of these fields with the spinor matter in some underlying model. Proceeding in this way,
the CFJ term has been successfully generated on the base of a minimal Lorentz-breaking
extension of the QED [6]. Further, the idea of using the nonminimal couplings as well
has been proposed, with the CPT-even aether-like term has been generated within this
prescription and showed to be finite on the base of the CPT-odd coupling [23]. However,
up to now, the question of use the CPT-even couplings for the perturbative generation of
the quantum correction is still open. While such couplings have been proposed already in
[5], obtaining of quantum corrections on their base has not been studied enough.
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Recently, an interesting example of the nonminimal CPT-even coupling has been pro-
posed in [24] which was shown to be important and interesting within the context of the
scattering processes. Therefore, it is natural to study the loop corrections generated by
this coupling. Some preliminary studies on this issue have been performed in [25]. So,
the natural continuation of the study consists, first, in studying of higher-point functions,
second, in studying of quantum corrections to vertices of interaction. These problems will
be addressed in this paper.
II. THE CPT-EVEN GAUGE THEORY
Let us start with the following action of the extended QED involving the CPT-even
term:
S =
∫
d4xψ¯(i∂/−m− eA/+ λκabcdσ
abF cd)ψ. (1)
This action has been proposed in [24]. It is evidently gauge invariant. Our signature is
(+−−−), and we use σab = i
2
[γa, γb].
It is clear that this theory is unfortunately non-renormalizable as well as other theories
with nonminimal gauge-matter coupling. In principle, to circumvent this difficulty, we
can suggest the gauge field to be purely external, therefore, all quantum corrections are
exhausted by the one-loop results, thus, adding appropriate nonlinear terms into the purely
gauge sector we avoid all problems with the potential non-renormalizability. However,
except of the subsection II.A where such an approach is sufficient to describe the relevant
results, we suggest that we consider the effective theory to study the low-energy behaviour
of some underlying fundamental theory, with the non-renormalizability arises for example
as a consequence of integration over some extra fields. It is well known that in general, the
interpretation of the non-renormalizable theory as an effective one for study of the infrared
domain is very natural, the paradigmatic example is the four-fermion interaction. Different
issues related to study of quantum aspects of non-renormalizable theories are discussed in
papers [26]. Moreover, since the Lorentz symmetry breaking naturally emerges in the low-
energy limit of the string theory [27], it is natural to expect that the resulting theory would
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be non-renormalizable just as occurs for example with the general chiral superfield model
arising in the low-energy limit of superstring theory [28]. Nevertheless, we can treat this
theory as an effective one for the one-loop approximation.
A. Effective action in a pure gauge sector
In a pure gauge sector, the effective action in our theory is given by the following
fermionic determinant:
Γ(1) = iTr(i∂/−m− eA/ + λκabcdσ
abF cd). (2)
Here we suggest the κabcd to be dimensionless for simplicity, with the dimension of λ is −1.
Thus, the theory is non-renormalizable, so we treat it as an effective model for low-energy
studies. We start our consideration with a brief review of the results obtained earlier for
this theory, that is, one-loop contributions to the two-point function of the gauge field
which is represented by the Feynman diagram given by Fig. 1.
••
FIG. 1: Two-point function of the gauge field.
There will be three different contributions to it: one with two external Aa field, one
mixed with one external Aa and one external F cd, and one with two external F cd fields.
As usual we have the Dirac propagator
< ψ(k)ψ¯(−k) >= i(k/−m)−1. (3)
The case where both of two external legs corresponds to the simple Aa field is well-
studied being Lorentz-invariant. It is the well-known two-point function of the gauge field
in the usual QED (see f.e. [29]) which yields
ΣQED =
e2
24π2ǫ
FmnF
mn. (4)
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The Lorentz-breaking corrections to the two-point function were found in [25]. It was
shown there that the diagram with one external Aa and one external Fcd looks like, for
d = 4+ ǫ (actually, our λ is 1/2 of λ from [25], and our ǫ is ǫ from [25], multiplied by −2),
I = −
1
2π2ǫ
eλmκabcdF
abF cd + fin. (5)
This is the lower-order aether-like contribution. Unfortunately, it diverges. In a particular
case it reproduces the aether term found in [23]. Then, the diagram with two external Fcd
yields [25]
J =
λ2m2
2π2ǫ
(κabcdF
cd)2 + fin. (6)
Again, this term is divergent. It is also aether-like. So, in the extended QED involving two
couplings, the minimal and nonminimal ones, the aether-like terms naturally emerge both
from the purely nonminimal and from the “mixed” sector. These terms are divergent. We
consider the following explicit form of κabcd:
κabcd = kacηbd − kadηbc + kbdηac − kbcηad, (7)
For the first step, we consider kab = uaub with ua is a dimensionless constant vector.
The importance of this form of κabcd consists, first, in its simplicity, second, in the fact
that in this case one has the known CPT-even Lorentz-breaking term to be in the form
κabcdF
abF cd = 4uaFabucF
cb, thus reproducing perfectly the aether term studied in [23, 30],
one finds that κabcdκ
cdmn = 2u2κ mnab . Let us choose the vector u
a to be light-like, u2 =
uaua = 0, for the sake of simplicity, which annihilates the term of the second order in κabcd.
In this case, to achieve the one-loop renormalizability one should introduce the following
free Lagrangian of the gauge field:
Lgauge = Γ2 = −
1
4
Z1FabF
ab +
1
2
Z2κ
abcdFabFcd, (8)
with the renormalization constants are
Z1 = 1 +
e2
6π2ǫ
, Z2 = 1−
eλm
π2ǫ
. (9)
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We note that other choices for kab can be discussed as well, for example the traceless
one [31]
kab =
1
2
(uavb + ubva)−
1
4
gab(u · v). (10)
However, in this case one has f.e. (κabcdF
cd)2 = 8F cnFcd(k
2)dn+8k
n
dk
m
c F
cdFmn, with (k
2)ba =
kank
bn, and for the traceless kab, even for light-like ua and va, the (κabcdF
cd)2 will not vanish.
In this case the sum of I (5) and J (6) will yield
I + J = −
2
π2ǫ
eλm(4(F cdud)(Fcmv
m)− FabF
ab(u · v)) + (11)
+
λ2m2
π2ǫ
(
u2(F cdvd)
2 + v2(F cdud)
2 − 2(F cducvd)
2 − 2(F cdud)(Fcmv
m)(u · v)
)
+ fin.
We note again that for kab = uaub with the light-like ua (i.e. ua = va), the result will have
the simplest form. Similarly, the same situation occurs as well for other contributions we
will find.
There is one more divergence in four dimensions which has not ever considered. It is
given by the four-point function. It is well known that the divergent part of the purely min-
imal contribution to the four-point function is zero, by the gauge invariance reasons. Actu-
ally, since the trace of the product of three Fmn tensors is zero (and of three F˜ab = κ
abcdFcd
tensors as well, also by symmetry reasons, so, we note that for diagrams composed by
purely nonminimal couplings there is a kind of Furry theorem, that is, the one-loop dia-
grams involving only F˜ legs and odd number of vertices identically vanishes), and forming
of the Fmn on the base of the external Am decreases the degree of divergence by one, we
see that the only possible divergent contribution to this function consistent with the gauge
invariance is purely non-minimal one, that is, involving namely four non-minimal vertices
(with all gauge-invariant one-loop four-leg diagrams with at least one minimal vertex will
be finite), and given by the expression
Γ4 = −
1
4
∫
d4k
(2π)4
1
(k2 −m2)4
tr[σab(k/+m)σcd(k/+m)σmn(k/+m)σpq(k/+m)]×
× F˜abF˜cdF˜mnF˜pq + fin. (12)
We can make permutations between external legs of this contribution, so we get
Γ4 = −
1
12
∫
d4k
(2π)4
1
(k2 −m2)4
tr[σab(k/+m)σcd(k/+m)σmn(k/+m)σpq(k/+m) +
7
+ σab(k/+m)σmn(k/+m)σcd(k/+m)σpq(k/+m) +
+ σab(k/+m)σpq(k/+m)σmn(k/+m)σcd(k/+m)]×
× F˜abF˜cdF˜mnF˜pq + fin. (13)
Actually, to obtain the divergence only, we must calculate the leading term from Γ4
which looks like
Γ4 = −
1
4
F˜abF˜cdF˜mnF˜pq
∫
d4k
(2π)4
kekfkgkh
(k2 −m2)4
×
× tr[σabγeσcdγfσmnγgσpqγh] + fin. (14)
To proceed with the traces and to keep only the divergent contributions, we use the dimen-
sional reduction approach, that is, we suggest that the Dirac matrices are defined in four
dimensions, while the integrals are evaluated in 4 + ǫ dimensions. We use this prescrip-
tion henceforth as we intend to fix the pole part only which is unambiguous in one-loop
calculations. Then, it is well known that∫
d4+ǫk
(2π)4+ǫ
kekfkgkh
(k2 −m2)4
=
1
3
1
16π2ǫ
(ηefηgh + ηegηfh + ηehηfg), (15)
and that γmσabγm = 0 in four dimensions. Taking into account all this, we find that only
one term contributes to the trace:
Γ4 = −
1
192π2ǫ
F˜abF˜cdF˜mnF˜pqtr[σ
abγmσcdγnσmnγmσ
pqγn] + fin. (16)
It remains to find this trace. Straightforward calculation yields, if again ǫ = d− 4,
Γ4 = −
1
4π2ǫ
(−
2
3
(F˜abF˜
ab)2 +
8
3
F˜abF˜
bcF˜cdF˜
da) + fin, (17)
which diverges as it must be.
However, for the kab described by the only light-like u
a, (17) vanishes. We see that for
the light-like ua, the only new divergence in a pure gauge sector is of the second order in
Fab, being aether-like.
For the kab given by (10), we get
Γ4 = −
1
4π2ǫ
(
−
8
3
[
u2(F cdvd)
2 + v2(F cdud)
2 − 2(F cducvd)
2 − 2(F cdud)(Fcmv
m)(u · v)
]2
+
+
8
3
F˜abF˜
bcF˜cdF˜
da
)
+ fin. (18)
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We note that it is natural to suggest that the kab is described by only light-like u
a, since
the vanishing of the four-point divergent seems to be natural from the phenomenological
viewpoint.
B. The one-loop two-point function of the spinor field
If we abandon the restriction that the gauge field is purely external, we should, as it has
been suggested in [25], consider the lower corrections to the two-point function of the spinor
field and to the vertex function. One can easily verify that if we have only one non-minimal
vertex with κabcd given by (7), the one-derivative contribution to the two-point function of
the spinor field will be purely Lorentz invariant and vanishing for the light-like ua, being
equal to −eλu
2
4π2ǫ
ψ¯(−p)(−3mp/+ 2m2)ψ(p), So, let us consider the Feynman diagram formed
by two nonminimal vertices. It is given by Fig. 2.
FIG. 2: Two-point function of the spinor field.
We suggest that we use the Feynman gauge, so, the propagator of the gauge field is
< Ac(k)Ad(−k) >= i
ηcd
k2
. (19)
Then, one should take into account acting of the derivatives on the gauge fields in the
vertices. The resulting contribution is
Γψ¯ψ = −
λ2
2
κabcdκa′b′c′d′
∫
d4xψ¯σab < F cdF c
′d′ > σa
′b′ < ψψ¯ > ψ. (20)
After the Fourier transform, we get
Γψ¯ψ =
λ2
2
κabcdκa′b′c′d′
∫
ddk
(2π)d
1
[(k + p)2 −m2]k2
ψ¯(−p)σab(k/+ p/+m)σa
′b′ ×
×
[
kckc
′
ηdd
′
+ kdkd
′
ηcc
′
− kckd
′
ηc
′d − kdkc
′
ηcd
′
]
ψ(p). (21)
It remains to find the integral. Keeping only the first order in the external momentum
p to get the generalization of the Dirac action, after simple changes of variables through
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Feynman representation, and taking into account the symmetries of the κ coefficients, we
find:
Γψ¯ψ =
λ2
2
4
d
κabcdκa′b′c′d′ ×
×
∫ 1
0
dx
∫
ddk
(2π)d
k2
(k2 −m2x)2
[
ψ¯(−p)σab[p/(1− x) +m]σa
′b′ψ(p)ηcc
′
ηdd
′
−
− ψ¯(−p)σabγmσa
′b′ψ(p)(δc
′
mp
c + δcmp
c′)ηdd
′
]
. (22)
After integration over momenta, we have:
Γψ¯ψ = −λ
2 (m
2)d/2−1
(4π)d/2
Γ(1−
d
2
)κabcdκa′b′c′d′ ×
×
∫ 1
0
dxxd/2−1
[
ψ¯(−p)σab[p/(1− x) +m]σa
′b′ψ(p)ηcc
′
ηdd
′
−
− ψ¯(−p)σabγmσa
′b′ψ(p)(δc
′
mp
c + δcmp
c′)ηdd
′
]
. (23)
This expression yields at d = 4 + ǫ:
Γψ¯ψ = −
λ2m2
16π2ǫ
κabcdκ
d
a′b′c′
[
ψ¯(−p)σab[
1
3
p/+m]σa
′b′ψ(p)ηcc
′
−
− ψ¯(−p)σabγmσa
′b′ψ(p)(δc
′
mp
c + δcmp
c′)
]
+ fin. (24)
For κabcd given by (7), we find
Γψ¯ψ =
λ2m2
16π2ǫ
[
8u2uaua′ψ¯(−p)σ
ab[
1
3
p/+m]σa
′
bψ(p)− (25)
− 4uaua′ucuc′ψ¯(−p)σ
abγmσa
′
bψ(p)(δ
c′
mp
c + δcmp
c′)−
− 4u2uaua′ψ¯(−p)σ
a
cγ
mσa
′
c′ψ(p)(δ
c′
mp
c + δcmp
c′)
]
+ fin.
It can be simplified even more. We use the fact that
σabγmσa
′
b = −2γ
aηma
′
− 2γa
′
ηma + γmγaγa
′
. (26)
As a result we get
Γψ¯ψ =
λ2m2u2
6π2ǫ
ψ¯(−p)
[
25u2p/+ 9u2m− 10u/(u · p)
]
ψ(p) + fin, (27)
which vanishes for the light-like ua. So, there is no one-loop contribution to the two-point
function of the spinor field in our case.
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Again, if the kab is given by (10), we get
Γψ¯ψ = −
λ2m2
16π2ǫ
[
ψ¯(−p)σab[
1
3
p/+m]σa
′b′ψ(p)×
× [2kack
c
a′ηbb′ + 2kbck
c
b′ηaa′ − 2kack
c
b′ηba′ − 2kbck
c
a′ηab′ + 4kaa′kbb′ − 4kab′kba′]−
− κabcdκ
d
a′b′c′ ψ¯(−p)σ
abγmσa
′b′ψ(p)(δc
′
mp
c + δcmp
c′)
]
+ fin. (28)
Taking into account the antisymmetry of σab with respect to indices a and b, we get
Γψ¯ψ = −
λ2m2
16π2ǫ
[
8ψ¯(−p)σab[
1
3
p/+m]σa
′b′ψ(p)[2kack
c
a′ηbb′ + kaa′kbb′ ]−
− κabcdκ
d
a′b′c′ ψ¯(−p)σ
abγmσa
′b′ψ(p)(δc
′
mp
c + δcmp
c′)
]
+ fin, (29)
or, as is the same,
Γψ¯ψ = −
λ2m2
16π2ǫ
[
8ψ¯(−p)σab[
1
3
p/+m]σa
′b′ψ(p)[2kack
c
a′ηbb′ + kaa′kbb′ ]−
− 4(kacka′c′ηbb′ − kab′ka′c′ηbc − kacka′bηb′c′ + kadk
d
a′ηbcηb′c′)×
× ψ¯(−p)σab(γc
′
pc + γcpc
′
)σa
′b′ψ(p)
]
+ fin. (30)
This is the final result for the two-point function of ψ. We note that the requirement for
kab to be traceless does not simplify the result essentially.
C. The one-loop three-point vertex function
Now, we can find the three-point vertex function in the theory which evidently displays
the quadratic divergence. It is given by the Feynman diagram:
FIG. 3: Three-point function.
Following the prescriptions of the derivative expansion, it is natural to restrict ourselves
only by the contributions of first order in derivatives, like our triple vertex λκabcdψ¯σ
abF cdψ.
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We start with considering the Feynman diagram of first order in λ, we will have two
situations. First, let the nonminimal vertex is associated with external gauge leg. In this
case, it yields
Γ1 =
λe2
2
∫
d4k
(2π)4
ψ¯
γm(k/+m)σab(k/+m)γn
(k2 −m2)2
ψ
ηmn
k2
F˜ab, (31)
where the external momenta are suppressed being irrelevant within our approximation.
By symmetry reasons, there are two nontrivial contributions in the numerator: one of zero
order in momenta, m2γmσabγm, which vanishes since γ
mσabγm = 0 in four dimensions, and
another of second order in momenta, γmk/σabk/γm. However, using the definition of k/, one
can easily rewrite this factor as kpkqγ
mγpσabγqγm, and under the integral one can replace
kpkq →
1
4
ηpqk
2, which allows to write our factor as k
2
4
γmγpσabγpγm = 0. So, in this case
the three-point function yields a zero result.
Now we consider the case when the only nonminimal vertex is associated to the external
spinor leg. The corresponding contribution is, for p = −p1−p2, with two terms correspond
to two choices of a position of the nonminimal vertex:
Γ
(1)
3 =
1
2
λe2κnlab
∫
d4k
(2π)4
(kl − p1l)
(k2 −m2)(k − p1)2[(k + p)2 −m2]
×
× ψ¯(p1)
[
γm(k/+m)γr(k/+ p/+m)σab −
− σab(k/+m)γ
r(k/+ p/+m)γm
]
ψ(p2)ηmnAr(p) + (p1 ↔ p2). (32)
Here we introduced two terms with interchange between p1 and p2 since, after the substi-
tution into the effective action, the integration over both these momenta should be done.
Actually, we want to find only the divergence of this expression. It is clear thus that the
terms proportional to m2 in the numerator will be irrelevant due to their finiteness. Also,
the desired expression will involve the even number of Dirac matrices because of structure
of contractions (actually, we look for the structure like ψ¯σmaψFabumu
b, that is, the lower
Lorentz-breaking gauge invariant contribution involving two um vectors). Thus, (32) is
reduced to
Γ
(1)
3 =
λe2
2
κnlab
∫
d4k
(2π)4
(kl − p1l)
(k2 −m2)(k − p1)2[(k + p)2 −m2]
×
× ψ¯(p1)
[
γnk/γ
r(k/+ p/)σab − σabk/γ
r(k/+ p/)γn
]
ψ(p2)Ar(p) + (p1 ↔ p2). (33)
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The straightforward calculations show that the relevant result is
Γ
(1)
3 =
1
4π2ǫ
λe2ψ¯σmaψFabumu
b +
e2λm
2π2ǫ
ψ¯[(A · u)u/+
1
2
A/u2]ψ + fin. (34)
Again, if the kab is given by (10), we get
Γ
(1)
3 =
1
8π2ǫ
λe2ψ¯σmaFab(umv
b + vmu
b)ψ +
e2λm
4π2ǫ
ψ¯[(A · u)v/+ (A · v)u/]ψ + fin. (35)
Treating the one-loop corrections to the three-point function with more insertions of non-
minimal vertices, we easily find that they will be either finite involving larger numbers of
derivatives applied to external gauge leg, or involving the contractions like (u2)n which
vanish for the light-like um. We note that the first contribution to this term, being pro-
portional to ψ¯σmaψFabumu
b, perfectly reproduces the structure of the nonminimal vertex
of our action, κabcdψ¯σabψFcd, for the κabcd given by (7), whereas the second one involves an
Am-dependent part of the aether-extended Dirac Lagrangian [30] iψ¯u
munγmDnψ.
The case when two vertices are nonminimal is given by two graphs. In one of them, the
external gauge leg is attached to the minimal vertex. The contribution of this graph is
Γ
(2)
3a =
eλ2
2
κaba′b′κefe′f ′
∫
ddp1d
dp2
(2π)2d
Am(−p1 − p2)×
×
∫
ddk
(2π)d
ψ¯(p1)σ
a′b′(k/+m)γm(k/− p/1 − p/2 +m)σ
e′f ′ψ(p2)×
×
1
(k2 −m2)[(k − p1 − p2)2 −m2](k − p1)2
×
× [(k − p1)
a(k − p1)
eηbf + (k − p1)
b(k − p1)
fηae −
− (k − p1)
a(k − p1)
fηbe − (k − p1)
b(k − p1)
eηaf ] + (p1 ↔ p2). (36)
The exact result is very cumbersome, so we give only its form at u2 = 0 it yields
Γ
(2)
3a =
eλ2
3π2ǫ
[
(u · ∂)2ψ¯uaAau/ψ + ψ¯u
aAau/(u · ∂)
2ψ − (u · ∂)ψuaAa(u · ∂)u/ψ
]
. (37)
Again, if the kab is given by (10), we get
Γ
(2)
3a =
eλ2m
π2ǫ
[
(u · ∂)ψ¯vaAau/v/ψ − (v · ∂)ψ¯u
aAau/v/ψ + ψ¯v
aAau/v/(u · ∂)ψ − ψ¯u
aAau/v/(v · ∂)ψ
]
+
eλ2
6π2ǫ
[
(u · ∂)(v · ∂)ψ¯uaAav/ψ + (v · ∂)(u · ∂)ψ¯v
aAau/ψ + ψ¯u
aAav/(u · ∂)(v · ∂)ψ
+ψ¯vaAau/(v · ∂)(u · ∂)ψ − (u · ∂)ψv
aAa(u · ∂)v/ψ − (v · ∂)ψu
aAa(v · ∂)u/ψ
]
. (38)
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However, this result is of the second order in derivatives thus being irrelevant in our ap-
proximation.
In another case, the external gauge leg is nonminimal:
Γ
(2)
3b =
1
2
eλ2κnlab
∫
d4k
(2π)4
(kl − p1l)
(k2 −m2)(k − p1)2[(k + p)2 −m2]
×
× ψ¯(p1)
[
γm(k/+m)σrs(k/+ p/+m)σab −
− σab(k/+m)σ
rs(k/+ p/+m)γm
]
ψ(p2)ηmnF˜rs(p) + (p1 ↔ p2). (39)
Since in this case it is sufficient to disregard momenta p1, p2 in internal lines, we have
Γ
(2)
3b =
1
2
eλ2κnlab
∫
ddk
(2π)d
kl
(k2 −m2)2k2
×
× ψ¯(p1)
[
γm(k/−m)σrs(k/−m)σab − σab(k/−m)σ
rs(k/−m)γm
]
ψ(p2)ηmnF˜rs(p) +
+ (p1 ↔ p2). (40)
The result is
Γ
(2)
3b = −
eλ2
2π2ǫ
[
∂bψ¯uaF˜abu/ψ + ψ¯u
aF˜abu/∂
bψ + 2mψ¯uaF˜rau/γ
rψ
]
. (41)
Also, we can integrate by parts to obtain
Γ
(2)
3b =
eλ2
2π2ǫ
[
ψ¯u/ψua∂bF˜ab − 2mψ¯u
aF˜rau/γ
rψ
]
. (42)
Again, if the kab is given by (10), we get
Γ
(2)
3b =
eλ2
4π2ǫ
[
ψ¯u/ψua∂bF˜ab − 2mψ¯u
aF˜rau/γ
rψ + ψ¯/vψva∂bF˜ab − 2mψ¯v
aF˜ra/vγ
rψ
]
. (43)
We note that uaF˜ab = 0 for the light-like ua, thus, this expression completely vanishes
(moreover, its first term is irrelevant since does not contribute to the first order of the
derivative expansion).
Also, as an illustration, let us consider the case when all three vertices are nonminimal.
The contribution of this graph is
Γ
(3)
3 =
λ3
2
κaba′b′κefe′f ′
∫
ddp1d
dp2
(2π)2d
F˜cd(−p1 − p2)×
×
∫
ddk
(2π)d
ψ¯(p1)σ
a′b′(k/+m)σcd(k/− p/1 − p/2 +m)σ
e′f ′ψ(p2)×
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×
1
(k2 −m2)[(k − p1 − p2)2 −m2](k − p1)2
×
× [(k − p1)
a(k − p1)
eηbf + (k − p1)
b(k − p1)
fηae −
− (k − p1)
a(k − p1)
fηbe − (k − p1)
b(k − p1)
eηaf ]. (44)
Since our aim consists in obtaining only of a (divergent) correction to the vertex, with no
more derivatives acting on any of the external fields, we can put p1, p2 ≃ 0 within this
integral, and do the inverse Fourier transform. We get
Γ
(3)
3 =
λ3
2
κaba′b′κefe′f ′
∫
ddxF˜cd(x)×
×
∫
ddk
(2π)d
ψ¯(x)σa
′b′(k/+m)σcd(k/+m)σe
′f ′ψ(x)×
×
1
(k2 −m2)2k2
[kakeηbf + kbkfηae − kakfηbe − kbkeηaf ]. (45)
We can rewrite this term as a sum:
Γ
(3)
3 = Γ31 + Γ32, (46)
where
Γ31 =
λ3
2
κaba′b′κefe′f ′
∫
ddxF˜cd(x)×
× ψ¯(x)σa
′b′γmσcdγnσe
′f ′ψ(x)×
×
∫
ddk
(2π)d
kmkn
(k2 −m2)2k2
[kakeηbf + kbkfηae − kakfηbe − kbkeηaf ];
Γ32 =
m2λ3
2
κaba′b′κefe′f ′
∫
ddxF˜cd(x)×
× ψ¯(x)σa
′b′σcdσe
′f ′ψ(x)×
×
∫
ddk
(2π)d
1
(k2 −m2)2k2
[kakeηbf + kbkfηae − kakfηbe − kbkeηaf ]. (47)
To find the integral, we carry out the following replacement in d dimensions:
kakb =
1
d
ηabk
2
kakbkckd =
1
3d2
(ηabηcd + ηacηbd + ηadηbc)k
4. (48)
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As a result, we get
Γ31 =
λ3
6d2
κaba′b′κefe′f ′
∫
ddxF˜cd(x)×
× ψ¯(x)σa
′b′γmσ
cdγnσ
e′f ′ψ(x)
∫
ddk
(2π)d
k2
(k2 −m2)2
×
× [ηbf(ηmnηae + ηmaηne + ηmeηna) + ηae(ηmnηbf + ηµbηnf + ηmfηnb)−
− ηaf (ηmnηbe + ηmbηne + ηmeηnb)− ηbe(ηmnηaf + ηmaηnf + ηmfηna)];
Γ32 =
m2λ3
d
κaba′b′κefe′f ′
∫
ddxF˜cd(x)ψ¯(x)σ
a′b′σcdσe
′f ′ψ(x)×
×
∫
ddk
(2π)d
1
(k2 −m2)2
[ηaeηbf − ηafηbe]. (49)
We can integrate, which yields in d = 4 + ǫ dimensions, with taking into account the fact
that γmσabγm = 0, second, the symmetric properties of the κabef :
Γ31 = −
m2λ3
384π2ǫ
κaba′b′κefe′f ′
∫
d4xF˜cd(x)×
× ψ¯(x)σa
′b′γmσ
cdγnσ
e′f ′ψ(x).ηbf [ηmaηne + ηmeηna];
Γ32 = −
m2λ3
64π2ǫ
κaba′b′κefe′f ′
∫
d4xF˜cd(x)ψ¯(x)σ
a′b′σcdσe
′f ′ψ(x)×
× [ηaeηbf − ηafηbe]. (50)
Simplifying these expressions even more for κabcd given by (7), we get
Γ31 = −
m2λ3u2
48π2ǫ
∫
d4xψ¯(x)(−10u2σcd − 12(σdmucum − σ
cmudum))F˜cd(x)ψ(x);
Γ32 =
m2λ3u4
64π2ǫ
∫
d4xψ¯(x)σcdF˜cd(x)ψ(x). (51)
Thus, we found the result or the triple vertex explicitly. It vanishes for the light-like ua.
Moreover, the essentially Lorentz-breaking contribution to this vertex is
Γ
(3)
3,LV =
m2λ3u2
4π2ǫ
∫
d4xψ¯(x)(σdmucum − σ
cmudum)F˜cd(x)ψ(x) (52)
We see that this expression, first, does not involve derivatives of Fmn, second, vanishes at
u2 = 0. Again, if the kab is given by (10), we get
Γ
(3)
3,LV =
2m2λ3
π2ǫ
∫
d4xψ¯(x)u/v/uavbF˜
ab(x)ψ(x), (53)
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where we have not considered higher derivative terms.
We conclude that for the light-like ua, the only relevant (that is, involving only first order
in derivatives) result for the three-point function is given by (34) which in the massless
limit yields
Γ3 =
1
4π2ǫ
λe2ψ¯σmaψFabumu
b + fin. (54)
So, in this way we have been carried out the calculations of an effective nonminimally
coupling Dirac equation and, by radiative corrections we have generated a new way to
obtain the CPT-even term of the SME gauge sector. The expressions of lowest order
graphs (self-energy and the three vertex-like contributions) have been obtained. As in
four-dimensional space-time the theory presents divergent terms we infer that the model
presents a low-energy domain.
III. PROBLEM OF RENORMALIZATION
Let us discuss the problem of renormalization of our theory. Clearly, the model described
by the action (1) is non-renormalizable since the coupling λ has a mass dimension equal
to −1. The superficial degree of divergence of our theory is
ω = 4−EA −
3
2
Eψ + Vλ −Nd, (55)
where Vλ is a number of vertices proportional to λ, EA and Eψ are numbers of external
A and ψ fields, and Nd is a number of derivatives associated to external legs. Therefore,
in principle, the superficial degree of divergence increases as the complexity of Feynman
diagrams grows.
One of the manners to deal with this theory consists in restricting the study to the
fermion determinant. In this case, the derivatives in the nonminimal vertices cannot act
to the propagators, so, the maximal divergence is of the F 4 type. However, this approach
restricts the theory very strongly.
It is interesting to discuss the renormalizability of our theory. Although the theory is
formally non-renormalizable, we note the following facts.
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First, if we consider the κabcd of the form given by Eq. (7) with the Lorentz-breaking
vector ua be light-like, many of quantum corrections simply vanish as occurs in all cases
considered by us with corrections of second and higher orders in κabcd (actually it means that
only one vector ua can be contracted with a Dirac matrix, otherwise, using the commutation
relations, one can obtain uaubγaγb = u
2 which vanishes for the light-like ua; within this
paper we observed for many one-loop examples that if a Feynman diagram involves at least
two nonminimal vertices, its contribution will be proportional to u2 and thus vanishes for
the light-like ua, and it is natural to expect that the similar situation will occur in higher
loops). Second, if we have two or more insertions of κabcd, in principle, after integration by
parts, in principle we can arrive at terms like ψ¯σabψ(u · ∂)2nFbcuau
c, but if we suggest that
the background fields satisfy the condition ∂aFbc = 0 (i.e. constant electric or magnetic
fields), these results vanish. As a result, we conclude that under our restrictions many
divergent contributions simply disappear.
IV. CONCLUSION
In this paper, we succeeded to generate the SME sector gauge starting from an effective
fermionic theory with non-minimal coupling. While, earlier [25] the CPT-even term of
the SME electrodynamics (KF )mnpqF
mnF pq was generated in this model, now we have
calculated explicitly the lower corrections to the two-point function of the spinor field and
the three-point vertex function.
It turns out to be that, as a result, the aether-like terms naturally arise not only in the
pure gauge sector, but also in the matter sector, with the lower aether-like contribution in
this sector is generated by the diagram with two nonminimal vertices, but it vanishes for
the special choice of κabcd of the form (7), with the tensor kab completely described by a
light-like ua. Unfortunately, in four-dimensional space-time all these results are divergent
unlike those ones obtained on the base of the CPT-odd coupling [23]. However, the presence
of these divergences, from one side, can signalize the presence of the corresponding terms
in a complete action of the electromagnetic field, or, if we treat the Lorentz-breaking
theory as an effective field theory aimed for study of the low-energy domain, instead of the
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divergences we can have the aether-like contributions depending on the cutoff.
Also, one can notice that the higher-point functions of the gauge field can give origin
to the effect of the photon splitting [32], or to the generalized Heisenberg-Euler effective
action of the nonlinear electrodynamics. These higher-point functions, as well as other
nonminimal Lorentz-breaking terms, can be also experimentally estimated with use of
methods discussed in [33].
We note that the choice of the κabcd of the form (7) described by light-like u
a is crucial,
it allows to simplify strongly the results, annihilating many contributions, which does not
occur in other cases, for example, if two independent Lorentz-breaking vectors ua and va
are introduced. Apparently, it means that in this case no more than one nonminimal
vertex is allowed for the Feynman diagram with a divergent contribution, and if this vertex
is associated to the external gauge leg, the corresponding Feynman diagram can only yield
the contribution of the form similar to the (54), contributing only to renormalization of
our nonminimal vertex. It is natural to expect that the situation in higher loops will be
similar. We will consider higher loops and the case u2 6= 0 in a next paper.
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